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21 Introduction
In this paper, we establish existence of solution for the following class of
nonlocal elliptic problem


−a(
∫
Ω
|u|q)∆u = h1(x, u)f(
∫
Ω
|u|p) + h2(x, u)g(
∫
Ω
|u|r), in Ω,
u = 0, on ∂Ω,
(1.1)
where Ω ⊂ RN (N ≥ 1) is a smooth bounded domain, q, p, r ∈ [1,+∞),
hi : Ω× R
+ → R and a, f , g : [0,+∞)→ (0,+∞) are continuous functions
with f , g ∈ L∞([0,+∞)) and
inf
t∈[0,+∞)
a(t), inf
t∈[0,+∞)
f(t), inf
t∈[0,+∞)
g(t) ≥ a0 > 0. (1.2)
The interest of such problems come from the articles of Chipot & Lovat
[8, 9], Chipot & Rodrigues [10], Chipot & Correˆa [11] and Correˆa, Menezes &
Ferreira [14], where the authors study classes of nonlocal problems motivated
by the fact that they appear in some applied mathematics areas. More
exactly, it is pointed out in the paper [8, see pp. 4619-4620 ] that if q = 1
and h is of the form h(x, u), the solution u of the problem (1.1) could describe
the density of a population subject to spreading where the diffusion coefficient
a is supposed to depend on the entire population in the domain rather than
on the local density. Moreover, in [8], the authors have mentioned that the
importance of such model lies in the fact that measurements that serves
to determine physical constants are not made at a point but represent an
average in a neighborhood of a point so that these physical constants depend
on local averages.
It is worthwhile to remind that there are other classes of problems in
which nonlocal terms appear. For instance, in mechanics arises equations
like 

−M(‖u‖2)∆u = f(u), in Ω,
u = 0, on ∂Ω,
related with nonlinear vibrations of beams, where M : R → R is a given
function and ‖ ‖ denotes the usual norm in H10 (Ω). More details about
this class of problem can be see in [4], [5], [7], [16], [20] and [21] and their
references.
3Our main interest in this work is the studying of the nonlocal problem
(1.1) for nonlinearities and boundary conditions which were not considered
yet in the literature. For example, in Section 3, we will consider the existence
of solution for the class of singular nonlocal problem


−a(
∫
Ω
|u|q)∆u = f(
∫
Ω
|u|p)u−α + g(
∫
Ω
|u|r)uβ, in Ω,
u(x) > 0 in Ω,
u = 0 on ∂Ω,
(SP )
with α ∈ (0, 1) and β ∈ [1,+∞).
In Section 4, we will prove the existence of solution for the following class
of nonlocal problem with positive power


−a(
∫
Ω
|u|q)∆u = f(
∫
Ω
|u|pdx)uα − g(
∫
Ω
|u|rdx)uβ, in Ω,
u(x) > 0, in Ω,
u = 0, on ∂Ω,
(DP )
with α ∈ [0, 1) and β ∈ [1,+∞).
The main tool used in the study of the above problems is the sub-
supersolution method. However, since we do not assume any hypotheses
involving monotonicity of the functions a, f and g, we cannot used the sub-
supersolution method combined with maximum principle. Here, motivated
by some arguments found in Leon [19], we prove a new result combining
the existence of sub and supersolution with the pseudomonotone operators
theory, which can be used to study a large class of nonlocal problem. Our
main result is the following
Theorem 1.1 Let Ω ⊂ RN (N ≥ 1) be a smooth bounded domain and
p, q, r ∈ [1,+∞). Suppose that hi : Ω × R → R
+ and a, f , g : [0,+∞) →
(0,+∞) are continuous functions verifying (1.2) with f , g ∈ L∞([0,+∞)).
Assume also that there are u, u ∈ H1(Ω) ∩ L∞(Ω) satisfying the following
inequalities:
u(x) ≤ 0 ≤ u(x) on ∂Ω, (1.3)
−∆u ≥
1
a0
(h1(x, u)‖f‖∞ + h2(x, u)‖g‖∞), in Ω (1.4)
and
−∆u ≤
a0
Γ
(h1(x, u) + h2(x, u)), in Ω (1.5)
4where
Γ = max{a(t) : t ∈ [0, ‖u‖q∞|Ω|]}.
Then, there exists u ∈ H10 (Ω) ∩ L
∞(Ω) with u(x) ≤ u(x) ≤ u(x) ∀x ∈ Ω ,
which verifies
a(
∫
Ω
|u|q)
∫
Ω
∇u∇φ = f(
∫
Ω
|u|p)
∫
Ω
h1(x, u)φ+ g(
∫
Ω
|u|r)
∫
Ω
h2(x, u)φ
for all φ ∈ H10 (Ω), that is, u is a weak solution of the nonlocal problem


−a(
∫
Ω
|u|q)∆u = h1(x, u)f(
∫
Ω
|u|p) + h2(x, u)g(
∫
Ω
|u|r), in Ω,
u(x) = 0, on ∂Ω.
(NLP )
2 Proof of Theorem 1.1
In what follows, we will consider the following functions
ζ(x, t) =


u(x), if t ≤ u(x)
t, if u(x) ≤ t ≤ u(x)
u(x), if t ≥ u,
h˜i(x, t) =


hi(x, u(x)), if t ≤ u(x)
hi(x, t), if u(x) ≤ t ≤ u(x)
hi(x, u(x)), if t ≥ u,
and for l ∈ (0, 1), the function
γ(x, t) = −(u(x)− t)l+ + (t− u(x))
l
+.
Using the above functions, we study the existence of solution for the ensuing
auxiliary nonlocal problem


−a(
∫
Ω
|ζ(x, u)|q)∆u = H(x, u, f(
∫
Ω
|ζ(x, u)|p), g(
∫
Ω
|ζ(x, u)|r)), in Ω,
u = 0, on ∂Ω.
(AP )
where
H(x, u, s, t) = h˜1(x, u)s+ h˜2(x, u)t− γ(x, u).
5To prove the existence of solution for problem (AP ), we will use the
pseudomonotone operators theory. To this end, we will work with the
operator B : H10 (Ω)→ H
−1 given by
〈B(u), v〉 = a(
∫
Ω
|ζ(x, u)|q)
∫
Ω
∇u∇v
−
∫
Ω
H(x, u, f(
∫
Ω
|ζ(x, u)|p), g(
∫
Ω
|ζ(x, u)|r))v ∀u, v ∈ H10 (Ω).
An direct computation gives that B is continuous, bounded and coercive,
i.e.,
〈B(u), u〉
‖u‖
→ +∞ as ‖u‖ → +∞.
Moreover, B is a pseudomonotone operator, i.e., if (un) ⊂ H
1
0 (Ω) verifies
un ⇀ u in H
1
0 (Ω) and
lim sup
n→+∞
〈B(un), un − u〉 ≤ 0, (2.1)
then
lim inf
n→+∞
〈B(un), un − v〉 ≥ 〈B(u), u− v〉 ∀v ∈ H
1
0 (Ω). (2.2)
In fact, by using the definition of H combined with Lebesgue’s Theorem, it
follows that∫
Ω
H(x, un, f(
∫
Ω
|ζ(x, un)|
p), g(
∫
Ω
|ζ(x, un)|
r))(un − u)
a(
∫
Ω
|ζ(x, un)|q)
→ 0.
The last limit together with (2.1) leads to
lim sup
n→+∞
∫
Ω
∇un∇(un − u) ≤ 0. (2.3)
Once that ∫
Ω
∇u∇(un − u)→ 0
and
‖un − u‖
2 =
∫
Ω
∇un∇(un − u)−
∫
Ω
∇u∇(un − u),
6we can conclude that
‖un − u‖
2 → 0,
or equivalently,
un → u in H
1
0 (Ω). (2.4)
From this, we observe that (2.2) is an immediate consequence of (2.4).
From [22, Theorem 3.3.6], B is surjective, i.e., B(H10 (Ω)) = H
−1.
Therefore, there exists u ∈ H10 (Ω) such that
〈B(u), φ〉 = 0 ∀φ ∈ E,
implying that u is a solution of (AP ). Now, our goal is showing that u is a
solution of (NLP ). To this end, we must prove that
u ≤ u ≤ u in Ω. (2.5)
Choosing φ = (u− u)+ as test function, we derive
a(
∫
Ω
|u|q)
∫
Ω
∇u∇(u−u)+ =
∫
Ω
H(x, u, f(
∫
Ω
|ζ(x, u)|p)), g(
∫
Ω
|ζ(x, u)|r)))(u−u)+
that is,
a(
∫
Ω
|u|q)
∫
Ω
∇u∇(u− u)+ = f(
∫
Ω
|ζ(x, u)|p))
∫
Ω
h1(x, u)(u− u)+
+g(
∫
Ω
|ζ(x, u)|r))
∫
Ω
h2(x, u)(u− u)+ −
∫
Ω
γ(x, u)(u− u)+.
Using the definition of hi (i = 1, 2) and γ, it follows that
a(
∫
Ω
|u|q)
∫
Ω
∇u∇(u− u)+ = f(
∫
Ω
|ζ(x, u)|p))
∫
Ω
h1(x, u)(u− u)+
+g(
∫
Ω
|ζ(x, u)|r))
∫
Ω
h2(x, u)(u− u)+ −
∫
Ω
(u− u)l+1+ .
Thus,∫
Ω
∇u∇(u− u)+ ≤
1
a0
‖f‖∞
∫
Ω
h1(x, u)(u− u)+
+
1
a0
‖g‖∞
∫
Ω
h2(x, u)(u− u)+ −
1
a(
∫
Ω
|u|q)
∫
Ω
(u− u)l+1+ .
7From (1.5),
∫
Ω
∇u∇(u− u)+ ≤
∫
Ω
∇u∇(u− u)+ −
1
a(
∫
Ω
|u|q)
∫
Ω
(u− u)l+1+ ,
or equivalently,
‖(u− u)+‖
2 ≤ −
1
a(
∫
Ω
|u|q)
∫
Ω
(u− u)l+1+ ≤ 0,
showing that (u− u)+ = 0.
Now, to prove that u ≤ u, we choose φ = (u − u)+ as test function.
Repeating the above arguments, we obtain
a(
∫
Ω
|u|q)
∫
Ω
∇u∇(u− u)+ = f(
∫
Ω
|ζ(x, u)|p))
∫
Ω
h1(x, u)(u− u)+
g(
∫
Ω
|ζ(x, u)|r))
∫
Ω
h2(x, u)(u− u)+ +
∫
Ω
(u− u)l+1+ .
Thus,
∫
Ω
∇u∇(u− u)+ ≥
a0
Γ
∫
Ω
h1(x, u)(u− u)+
a0
Γ
∫
Ω
h2(x, u)(u− u)+ +
1
Γ
∫
Ω
(u− u)l+1+ .
From (1.4),
∫
Ω
∇u∇(u− u)+ ≥
∫
Ω
∇u∇(u− u)+ +
1
Γ
∫
Ω
(u− u)l+1+ ,
or equivalently,
‖(u− u)+‖
2 ≤ −
1
Γ
∫
Ω
(u− u)l+1+ ≤ 0,
showing that (u− u)+ = 0. Therefore, Theorem 1.1 is proved.
83 Application I : Existence of solution for
a class of nonlocal problem with singular
term
In this section, we establish the existence of solution for the following class
of singular nonlocal problem


−a(
∫
Ω
|u|q)∆u =
f(
∫
Ω
|u|p)
uα
+ g(
∫
Ω
|u|r)uβ, in Ω,
u(x) > 0, in Ω,
u = 0, on ∂Ω,
(SP )
where Ω is a bounded domain with smooth boundary and q, p, r ∈ [1,+∞),
α ∈ [0, 1), β ≥ 0 and a, f , g : [0,+∞) → R+ are continuous functions
verifying condition (1.2) with f , g ∈ L∞([0,+∞)).
The existence of sub and supersolution verifying the hypotheses of
Theorem 1.1 can be obtained of the following way: Fix R > 0 such that
Ω ⊂ BR(0). If e ∈ C
2(Ω) denotes the unique positive solution of


−∆e = 1, in BR(0),
e = 0, on ∂BR(0),
and M > 0 is a constant large enough, we derive


−∆(Me) = M ≥
1
a0
(‖f‖∞(Me)
α + ‖g‖∞(Me)
β), in Ω,
Me > 0, on ∂Ω.
On the other hand, if φ1 denotes a positive eigenfunction associated with the
first eigenvalue λ1 of (−∆, H
1
0 (Ω)), we observe that for ǫ > 0 smaller enough,
the below inequality occurs
−∆(ǫφ1) ≤
a0
Γ
( 1
(|ǫφ1|2 + δ)
α
2
+ (ǫφ1)
β
)
in Ω,
where,
Γ = max{a(t) : t ∈ [0, ‖Me‖q∞|Ω|]},
9for ǫ small enough uniformly for δ ∈ (0, 1].
Consequently, for ǫ small enough and M large enough, the functions
u = ǫφ and u = Me verify the hypotheses of Theorem 1.1 for the nonlocal
problem 

−a(
∫
Ω
|u|q)∆u =
f(
∫
Ω
|u|pdx)
(|u|2+δ)
α
2
+ g(
∫
Ω
|u|rdx)uβ, in Ω,
u = 0 on ∂Ω.
(Pδ)
Thereby, there exists a solution uδ ∈ H
1
0 (Ω) for the nonlocal problem

−a(
∫
Ω
|uδ|
q)∆uδ =
f(
∫
Ω
|uδ|
pdx)
(|uδ|2+δ)
α
2
+ g(
∫
Ω
|uδ|
rdx)uβδ , in Ω,
uδ(x) > 0, in Ω,
uδ = 0, on ∂Ω,
(Pδ)
with
u ≤ uδ ≤ u in Ω ∀δ ∈ [0, 1].
In what follows, for each n ∈ N, we denote by un the solution u 1
n
. Therefore


−a(
∫
Ω
|un|
q)∆un =
f(
∫
Ω
|un|p)
(|un|2+
1
n
)
α
2
+ g(
∫
Ω
|un|
r)uβn, in Ω,
un(x) > 0, in Ω,
un = 0, on ∂Ω,
(Pn)
and
u ≤ un ≤ u in Ω ∀n ∈ N. (3.1)
Once that un is a solution of (Pn), we have the below equality
a(
∫
Ω
|un|
qdx)
∫
Ω
∇un∇vdx =
∫
Ω
f(
∫
Ω
|un|
p)v
(|un|2 +
1
n
)
α
2
dx+
∫
Ω
g(
∫
Ω
|un|
rdx)uβnvdx
(3.2)
for all v ∈ H10 (Ω). Recalling that
a(t) ≥ ao ∀t ≥ 0,
and f, g ∈ L∞([0,+∞)), it follows that
a0
∫
Ω
|∇un|
2 ≤ C
∫
Ω
(u1−αn + u
β+1
n )dx.
10
Now, using that α ∈ [0, 1), β ≥ 0 and (3.1), the last inequality gives that
(un) is bounded in H
1
0 (Ω). Thus, for some subsequence, still denote by (un),
there exists u ∈ H10 (Ω) such that
un ⇀ u in H
1
0 (Ω)
and
un(x)→ u(x) a.e in Ω.
Since
u ≤ un ≤ u in Ω,
the last limit yields
un → u in L
s(Ω) ∀s ∈ [1,+∞).
Thus, by continuity of a, f and g,
a(
∫
Ω
|un|
qdx)→ a(
∫
Ω
|u|qdx), (3.3)
f(
∫
Ω
|un|
pdx)→ f(
∫
Ω
|u|pdx) (3.4)
and
g(
∫
Ω
|un|
rdx)→ g(
∫
Ω
|u|rdx). (3.5)
Taking the limit in (3.2) with v ∈ C∞0 (Ω) and using (3.3)-(3.5), we get
a(
∫
Ω
|u|qdx)
∫
Ω
∇u∇vdx =
∫
Ω
f(
∫
Ω
|u|pdx)v
uα
dx+
∫
Ω
g(
∫
Ω
|u|rdx)vdx.
Now, repeating the same arguments explored in Alves & Correˆa [3, Page
735], we can conclude that for all v ∈ H10 (Ω)
a(
∫
Ω
|u|qdx)
∫
Ω
∇u∇vdx =
∫
Ω
f(
∫
Ω
|u|pdx)v
uα
dx+
∫
Ω
g(
∫
Ω
|u|rdx)vdx, (3.6)
showing that u is a solution of nonlocal problem (SP ). From the above
commentaries, we have proved the following result
Theorem 3.1 Assume that a, f, g : [0,+∞) → R are continuous functions
verifying condition (1.2) with f, g ∈ L∞([0,+∞)), p, q, r ∈ [1,+∞), β ≥ 0
and α ∈ [0, 1). Then, problem (SP ) has a solution.
The Theorem 3.1 is related to the papers due to Coclite & Palmieri [13]
and Zhang & Yu [25], in the sense that, in these papers the authors considered
the existence of solution for the local case, that is, a = f = g = 1.
11
4 Application II: Existence of solution for a
class of nonlocal problem with Dirichlet
boundary conditions
In this section, we study the existence of positive solution for the following
class of nonlocal problem


−a(
∫
Ω
|u|q)∆u = f(
∫
Ω
|u|pdx)uα − g(
∫
Ω
|u|rdx)uβ, in Ω
u(x) > 0 in Ω
u = 0 on ∂Ω
(DP )
where Ω is a bounded domain with smooth boundary, q, p, r, β ∈ [1,+∞)
and α ∈ [0, 1). Related to the functions a, f , g : [0,+∞) → R, we assume
they verify (1.2) and f, g ∈ L∞([0,+∞)).
We intend to use again Theorem 1.1, however once that we are considering
a negative signal between the terms in the right side of the problem, we must
make an adjustment in that result. Here, we will use the following version
Theorem 4.1 Let Ω ⊂ RN (N ≥ 1) be a smooth bounded domain and
p, q, r ∈ [1,+∞). Suppose that hi : Ω × R → R
+ and a, f , g : [0,+∞) →
(0,+∞) are continuous functions with a, f , g ∈ L∞([0,+∞)) and verifying
(1.2). Assume also that there are u, u ∈ H1(Ω) ∩ L∞(Ω) satisfying the
following inequalities:
u(x) ≤ 0 ≤ u(x) on ∂Ω, (4.1)
−∆u ≥
1
a0
h1(x, u)‖f‖∞ −
a0
‖a‖∞
h2(x, u), in Ω (4.2)
and
−∆u ≤
a0
‖a‖∞
h1(x, u)−
‖g‖∞
a0
h2(x, u), in Ω (4.3)
Then, there exists u ∈ H10 (Ω)∩L
∞(Ω) with u(x) ≤ u(x) ≤ u(x) ∀x ∈ Ω and
u ∈ H10 (Ω), which verifies
a(
∫
Ω
|u|q)
∫
Ω
∇u∇φ = f(
∫
Ω
|u|p)
∫
Ω
h1(x, u)φ− g(
∫
Ω
|u|r)
∫
Ω
h2(x, u)φ
12
for all φ ∈ H10 (Ω), that is, u is a weak solution of the nonlocal problem


−a(
∫
Ω
|u|q)∆u = h1(x, u)f(
∫
Ω
|u|p)− h2(x, u)g(
∫
Ω
|u|r), in Ω
u(x) = 0, on ∂Ω.
(NLP )
Proof. The proof follows repeating the same type of arguments used in
the proof of Theorem 1.1.
First of all, we observe that ifM > 0 is large enough, the function u = M
verifies the below inequality


−∆u ≥ ‖f‖∞
a0
uα − a0
‖a‖∞
uβ , in Ω
u > 0, on ∂Ω.
On the other hand, by a direct computation, if ǫ > 0 is smaller enough
and φ1 denotes a positive eigenfunction associated with the first eigenvalue
λ1 of (−∆, H
1
0 (Ω)), it is easy to check that u = ǫφ1 verifies


−∆u ≤ a0
‖a‖∞
uα − ‖g‖∞
a0
uβ in Ω
u = 0, on ∂Ω.
From the above considerations, the functions u = ǫφ and u =M verify the
hypotheses of Theorem 1.1 for ǫ smaller enough and M large enough. Thus,
there exists u ∈ H10 (Ω) solution of (DP ). From the above commentaries, we
have proved the ensuing result
Theorem 4.2 Assume that a, f, g : [0,+∞) → R are continuous functions
verifying condition (1.2) with f , g ∈ L∞([0,+∞)), p, q, r, β ∈ [1,+∞) and
α ∈ [0, 1). Then, problem (DP ) has a solution.
The Theorem 4.2 is related with some results found in Alama & Tarantello
[1], Radulescu & Repovs [23] and Lane [18], where the existence of solution
for (DP ) have been considered for the local case, that is, when a, f, g = 1.
13
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